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Objectives 

In the past decade, our group at Cornell has developed a new approach to turbulent 
flows. This approach uses low dimensional dynamical models to better understand the 
time dependent behavior of large scale, or energy dominated, features in turbulent and 
other complex flows. We have applied our approach to the problem of controlling the 
turbulent boundary layer, with substantial progress. Our objectives as we continue with 
this effort are: 

1. To explore further the control of the boundary layer in turbulent channel flow, refin- 
ing the control algorithm and bringing more information from the low-dimensional 
models to bear on the problems of state estimation and control. 

2. To make an extensive evaluation of the potential of compliant surfaces for turbulent 
drag reduction through the use of low-dimensional models and direct simulations 
of turbulent flow over a compliant surface. 

Status of Effort 

As part of our effort to understand and control the turbulent boundary layer, we 
have developed a control strategy based on reduced-order modeling of the large-scale, 
turbulence-producing structures near the wall. Our control incorporates a state estima- 
tion technique, which uses shear stress measurements available at the wall, and has been 
implemented in simulations of turbulent channel flow, yielding up to 20% drag reduction. 
In addition to our work with active control, we have begun an effort to explore the possi- 
bility of the passive control of the turbulent boundary layer by compliant surfaces. Our 
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low-dimensional models of the turbulent boundary layer have been adapted to include 
the effect of the compliant boundary, and we are developing a direct numerical simula- 
tion of turbulent channel flow with a compliant boundary using the immersed boundary 
technique. 

Accomplishments 

Our group at Cornell has developed a series of low-dimensional models for the turbu- 
lent boundary layer which have led to various applications: from reproducing the effects 
of varying pressure gradients or streamline curvature to providing evidence for the mech- 
anism of polymer drag reduction. However, their greatest promise lies in the areas of 
design and control. The models yield a reduced description of the dynamics of the near- 
wall flow, providing insight into the mechanisms of turbulence production and a guide 
for the development of control algorithms. The focus of our current work has been on (i) 
the development and validation of the models as tools for the study and control of the 
boundary layer, (ii) the application of the models to the feedback control of simulations 
of turbulent channel flow, and (iii) on the computational tools for the extension of the 
models to more complex flows and the integration of control algorithm development into 
the modeling framework. 

The most energetic coherent structures are extracted from the flow through the use 
of the Proper Orthogonal, or Karhunen-Loeve, Decomposition (POD). The coherent 
structures are projected onto the Navier-Stokes equations, yielding a system of coupled, 
nonlinear ordinary differential equations for the evolution of the coherent structures. 
Previous work has focused on the study of the properties of the models, the use of the 
models to predict the response of the boundary layer to various physical effects, and 
control in the setting of the model. Our recent work with the models has focused on 
their application to active control and on the adaptation of the models to flow over a 
compliant boundary. 

Active Control 

We have developed an active control algorithm for near-wall turbulent flow which 
relies only on information available in practice, namely the shear stress at the wall. An 
estimation technique developed by Podvin & Lumley [6] has been adapted for the purpose 
of control and predicts the strength of the two most energetic modes near the wall based 
on the shear stress at the surface. Using the strength of these modes as an input, our 
control algorithm employs a switching strategy to suppress the strength of the coherent 
structures near the wall. The control switches on only when the structures increase in 
strength and remains off when the structures are weak. The structures are responsible for 
generating Reynolds stress (and, through the Reynolds stress, drag) in two ways. First, 
the structures themselves generate much Reynolds stress, and suppressing them will 
weaken the transport of momentum away from the wall. Secondly, when they are strong, 
the structures promote instabilities from inflections generated in the mean velocity profile 
which are also responsible for Reynolds stress near the wall, and weakening the structures 
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Figure 1: The shear stress (drag) at the wall is substantially reduced by the application 
of the control (shown in the bottom half of the figure). Note that the control 
is switched on when the drag is relatively high. 

will reduce the frequency of the instabilities. The control influences the flow through a 
body force applied in the vicinity of the wall. The body force is designed to have the 
effect of a wall-mounted actuator without including the details of the actuator directly 
in the simulation. The application of the control in direct simulations of turbulent flow 
in the minimal flow unit results in a substantial reduction in drag. In a channel with 
a Reynolds number based on the friction velocity and channel half-height of 100, the 
drag was reduced by up to 20%. The control was not as successful in a larger channel 
(Rr = 175), but still resulted in drag reduction of up to 13%. The control had a significant 
effect on the quality of the estimation. The co-location of the "sensors" and "actuators" 
in our simulations created difficulties for our estimation technique: the shear stress at 
the whole lower wall of the channel was used for the estimates, and the control was also 
applied over the whole wall. An examination of the eigenfunctions of the flow when the 
control is applied revealed that the body force induced a cross-flow near the wall which 
decoupled the shear stress at the wall from the flow away from the wall. However, when 
the control is switched off, the coupling between the shear stress at the wall and the 
structures returns and the quality of the estimate improves. In fact, the eigenfunctions 
of the controlled flow as a whole (sampled both when the control is on and off) have 
the same form as the eigenfunctions of the uncontrolled flow.   It is important when 



applying control based on low-dimensional models to apply the control in a manner that 
is consistent with the underlying basis functions. If the control changes the structure 
of the flow near the wall (as in control based on distributed blowing and suction which 
creates a virtual no-penetration layer away from the wall), the estimation technique will 
break down in the presence of control. We designed our control to closely match the form 
of the coherent structures so that the dynamics of the flow near the wall would not be 
drastically altered. Looking forward, we feel that the incorporation of further dynamical 
information from the models may lead to improvements in the quality of our estimation 
technique and control in the future. 

Compliant Surfaces 

Over the past few decades, many studies have focused on the potential for compliant 
surfaces for drag reduction. Much of this work was motivated by the notion that marine 
animals possess some form of "natural" drag reduction, following the observations obser- 
vations by Kramer on the exceptional swimming capabilities of dolphins [4]. A long series 
of experimental studies that followed attempted to verify the possibility of drag reduction 
by compliant surfaces in a laboratory setting. However, these studies, summarized by 
Bushnell, Hefner & Ash [1], did not lead to any reproducible results indicating the pos- 
sibility of drag reduction. Recently though, Choi et al. [2] seem to have been able to in 
fact reproducibly demonstrate a drag-reducing effect of their compliant surface coating, 
using a coating whose mechanical properties deviated considerably from the materials 
used in earlier experiments. In fact, the flow considered by Choi et al. was fully turbulent 
whereas much of the previous work on compliant surfaces focused on transitional flows 
(applicable to the case of the dolphin). 

Our low-dimensional models provide a means of studying the effect of a compliant 
surface on the turbulent wall layer throughout large regions of the parameter space cor- 
responding to the mechanical properties of the compliant surface. The small size of the 
models allows for an easy evaluation of the effect of a particular compliant surface on the 
large-scales of the boundary layer (and through them on the Reynolds stress and drag), 
while experimental or computational evaluation can be quite costly for a single point 
in parameter space. As a result, we will identify promising mechanical properties for 
turbulent drag reduction using the low-dimensional model, and then carefully evaluate 
the effect of the surface on the structure of the flow using a direct simulation of turbulent 
channel flow over the complaint surface. 

The compliant surface employed by Choi et al. was very stiff and exhibited small 
surface deformations. In fact, the theory which governed their choice of materials sug- 
gested that a successful complaint surface should be hydro dynamically smooth — with 
no deformations of the surface outside of the viscous sublayer. Prom a practical view- 
point, the restriction of the compliant material to small deformations can considerably 
simplify the boundary conditions at a compliant surface. While the flow is restricted to 
move with the compliant boundary, these boundary conditions may be linearized about 
the undisturbed position of the wall to yield (along with some further assumptions about 



the size of gradients which vanish at y = 0, e.g. dui/dx3 and du2/dx2): 

ui   +   #1,26   +   ^1,26   =   6 
v>2 =   6 (1) 
^3 + 1*3,26 = 6 

where 6 is the displacement of the wall and i*j the fluctuating velocity in the Xi direction, 
and Uit2 is the mean velocity gradient. All of these terms are evaluated at the undisturbed 
position of the wall y = 0. (Note that Uij2 is shorthand for 8U/dx2.) This set of 
boundary conditions should perform well for small disturbances; however, the coupling 
of fluctuating quantities — 1*1,26 f°r example — will create convolution sums in Fourier 
space in our low-dimensional models. We can expect these terms to be smaller than the 
term involving the mean velocity gradient, i.e. 1*1,26 < ^1,26) an(i will neglect them in 
our models although we will incur some error as a result. Thus, the boundary conditions 
become: 

1*1   +   t/1,26   =   6 
U2 =   6 (2) 
1*3 =   6 

Note that if the velocity field is expressed as a linear combination of eigenfunctions Ui = 
J2n,kak Vik exP(*&2:)) the boundary conditions above can be interpreted as a restriction 
on the combinations of ajf , £ and xi which are realizable. 

We model the compliant surface as a simple mass-spring-damper system driven by 
the fluid stress at the wall. In the streamwise and spanwise directions, the deformations 
of the wall are driven by the shear stress which is easily accessible in the models as a 
linear term in the model coefficients when the deformations are decomposed into Fourier 
space: 

Mw'ilk + Dw'ilk + Kjlh = hk u = J2 4nV(it (3) 
n 

Mj3k + DJ3k + Kj3k = f3k \wall = £ 4n)^fc (4) 
n 

(We employ capital letters to describe the properties of the compliant surface for clar- 
ity.) The wall-normal deformations of the compliant surface are driven by the pressure 
fluctuations at the boundary. 

MuClfc + Dw£lk + Kw£lk — Pklwall (5) 

Unfortunately, the pressure at the boundary is not as easily accessible in the models as 
the shear stress. 

The pressure at the wall in the models may be determined by examining the Galerkin 
projection of the pressure gradient term in the models. 

{-mA{$) = {Pk^^aii + fpk^y (6) 
= Mf)U (7) 



The eigenfunctions are defined to be divergence free and are non-zero only close to the 
wall, leaving us only with the pressure term at the wall. As a result, the model equations 
now have an additional term: 

4n) = E {^memVd + (1 + 6.28oMf*c) a« + £ $ik_kl)p/*aMk, 
P k',p,q 

+  £  d%qa^Re (a%)a[t) + \ ($>fc) U (8) 

Our previous models have focused exclusively on the rigid-wall case with 4% = 0, so that 
the pressure term disappears. (If the eigenfunctions are defined only in a region close to 
the wall, an additional term appears which was incorporated into our previous models 
as a forcing term. The magnitude of this term is small relative to the others and will 
be neglected here.) However, to incorporate the compliance of the wall and satisfy the 
boundary conditions in equation 2, we must include eigenfunctions in our model which 
are non-zero at the wall. 

We choose to base our low-dimensional model for the turbulent boundary layer over 
a compliant surface on the eigenfunctions of the rigid-walled boundary layer. We will 
introduce additional eigenfunctions to account for the motion of the compliant surface 
and allow the boundary conditions to be satisfied. In the absence of surface compliance, 
our models will revert to the rigid-walled case. Since we do not have an experimental 
or computational database on the turbulent flow over a compliant surface available, we 
must derive our additional eigenfunctions in an ad hoc fashion. We choose our additional 
eigenfunctions as solutions of the Stokes equation with periodic motion of the wall: 

(!-*A)* = 0 (9) 

ük(y = 0,t) = coB(ßt) (10) 

where beta corresponds to the natural frequency of the compliant surface. The Stokes 
equation for the streamfunction ij) is employed to determine the additional eigenfunc- 
tion for the wall-normal motion of the compliant surface. In this manner, we generate 
three additional eigenfunctions — one for each direction of surface motion — and then 
orthogonalize them with respect to each other and the rigid-walled eigenfunctions and 
normalize them. 

We now have a set of evolution equations for the coefficients of the eigenfunctions 
as well as evolution equations for the motion of the wall and the simplified boundary 
conditions. We choose to determine the coefficients for the additional eigenfunctions 
from the boundary conditions at the wall. If only one or at most two eigenfunctions 
has a particular component which is non-zero at the wall, these coefficients may be 
found easily. The pressure may then be determined from the evolution equation for the 



additional eigenfunction representing the wall-normal motion of the wall <p\ ': 

Pk |y=0 
02?* \y=o 

i(2) E4?4P) ,(2) ,Ü0„<«) (11) 
P k',p,q 

The cubic terms disappear because this additional eigenfunction is defined to have no 
streamwise component, and there is no streamwise variation in our model. When this 
expression is substituted into the equation for the wall-normal motion of the wall, the 
time derivative term merges into the %2k term resulting in an new effective mass of the 
wall Mw. (In fact, £2k = % 4% smce 4^ 1S tne omy eigenfunction with a non-zero 
vertical velocity at the wall.) Normalizing be this new mass results in: 

^2t+DwU+Kwi >2fc     ~ se-ir'+E-'2'    MJ,) 
(12) 

T,k',p,q 

C{k',k-k')pq
ak' ak-k' 

P k',p,q 

Having determined the coefficient and pressure in this way, we have a complete low- 
dimensional model for the flow over a compliant surface. 

4X) = E biyk
P) + E ilfc-fcO^Ä +  E  d%qaPRe (a«aj*) (13) 

P k',p,q 

Mwilk+Dwilk + Kwilk = flk\wall = E4"VKfc 
n 

%2k + Dw^2k + Kwt.2k 

Mwi3k + Dw£3k + Kw£3k = T3h\wau = E4nV3?2fc 
n 

^2fc 

(14) 

2^ökpak + 2^ c(k>,k-k')pq
ak' ak\&) 

V k',p,q 

(16) 

,(2) 

a(3) a
k 

$X=o 

a (4) 

4{S\y=0 

i-42Vg^o 
€%=° 

(17) 

(18) 

(19) 

We are in the process of using this low-dimensional model to evaluate the potential 
of compliant surfaces for modification of the dynamics of near-wall turbulence and its 
resulting effect on the drag at the wall. In addition to our work with the models, we have 
begun the development of a direct simulation code for simulating turbulent channel flow 
with a compliant boundary. Because of the complication introduced by the linearized 
boundary conditions, we have chosen to implement the compliant boundary using the 
immersed boundary technique which was developed by a previous member of our group 
[5]. 
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